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Joint Seakeeping Response Processes for Determining 
Structural Loads 
Bruce L. Hutchison, Life Fellow, The Glosten Associates, Inc. 
 

Naval architects studying the structural dynamics of ships or other seakeeping responses have 
an interest in joint responses such as the concurrent six-degree-of-freedom hull girder loads.  
Traditional treatments of seakeeping have focused primarily on the statistics of individual 
responses.  The following paper examines and elucidates the relationship between a variety of 
methods appropriate to the statistical characterization of joint responses, including phase 
co-factors, cross co-spectral moments and joint normal techniques.  Finally, it posits a method to 
encompass an equivalent irregular wave, as a proposed extension of ABS’s dynamic loading 
approach (DLA). 

 
 

MOTIVATION 

In the field of marine structural dynamics a recurrent 
interest is to evaluate some objective function, σ, that 
depends on multiple response processes.  The reader may 
wish to interpret σ to be stress, though the concepts 
hereafter presented have wider potential application.  A 
simplified example would be where σ is the longitudinal 
stress in the shear strake, which might be regarded as 
depending on vertical and lateral bending moments.  
Because of this dependence on multiple response 
processes, the structural analyst is not interested simply in 
the separate and independent extreme values of the 
vertical and lateral bending processes, but rather in their 
joint behavior. 

Structural analysts ask questions such as:  What is the 
lateral bending moment at the instant when vertical 
bending is maximum, and vice versa.  Ultimately, their 
interest is the contemporaneous combination of vertical 
and lateral bending moment that maximizes σ. 

If the structural analyst is concerned with fatigue, or 
some other seakeeping consideration such as motion 
sickness or operability, then the focus may be on the joint 
probability distributions of multiple responses or the 
statistical averages of some function of several basis 
response processes. 

With the advent of fast desktop computing there has 
been an attendant increase in time-domain seakeeping 
simulations that provide direct samples of joint processes.  
An additional advantage of these simulations is that 
nonlinearity can be incorporated to varying degrees. 

Before fast desktop computing, seakeeping analysis 
was dominated by linear frequency-domain analysis with 
direct transformations to the probability domain.  With 
the movement towards time-domain simulation and the 
associated ability to address nonlinear responses, it may 
be questioned whether there is any longer a need to 
consider frequency- or probability-domain perspectives.  
It is the contention of this paper that such perspectives are 
still valuable because of their pedagogic value and their 
relevance to traditional seakeeping analysis as practiced 
by the majority of naval architects.  In addition, results 
obtained through the combination of frequency- and 
probability-domain methods possess the status of 
population statistics as contrasted to the sample statistics 
obtained from direct time-domain simulation. 

Time-domain methods, whether they be physical 
model tests or simulations, inevitably produce only short 
samples that may not include extreme events.  The 
frequency- and probability-domain methods addressed in 
this paper provide a computational path that extends 
sampled time-domain results for joint processes to 
produce estimated results for extreme joint events. 
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NOMENCLATURE 

Variables 

 Aσ complex valued frequency response 
function for the σ-process 

 Ai complex valued frequency response 
function for the ith basis process 

 Cgf co-factor for the most probable ratio of 
the instantaneous realization of the 
G-process, at the moment of occurrence 
of the extreme value of the F-process, to 
the potential extreme value of G 

 Cfg co-factor for the most probable ratio of 
the instantaneous realization of the 
F-process, at the moment of occurrence of 
the extreme value of the G-process, to the 
potential extreme value of F 

 ci linear combination coefficients 
 g acceleration of gravity 

 i imaginary constant, 1−=i  

 k wave number, k=ω2/g 

 )n(
yym  nth statistical moment of the y-process 

 n dimension of zero-mean vector x
r

 
 p probability density 
 P cumulative probability 

 S directional wave power spectrum 
 yyS  power spectrum for the y-process 

 2T  average zero-crossing period 

 V vessel speed 
 α small variable representing probability of 

exceeding an extreme value, 
(1 - α) = confidence 

 αf , αg amplitudes of the frequency response 
operators for processes F and G 
respectively 

 βf , βg phase angles of the frequency response 
operators for processes F and G 
respectively 

 χ direction of wave propagation 
 ε spectral breadth parameter 
 ε random phase angle π+≤ε≤π−  

 Γ co-variance matrix 

 xyγ  co-variance between x- and y- processes, 

a component of the co-variance matrix 

 η instantaneous local wave elevation 

 ρ, ρxy correlation coefficient (in the bivariate 
case) or more generally the correlation 
coefficient between x- and y- processes 

 σ generally used to denote a critical process 
of especial interest; also stress, as in σx 
and σy the components of bi-axial stress 

 σ1 ,  σ2 principal stresses 

 2
yyσ  variance of the y-process 

 τ shear stress 

ω circular frequency 

 eω  frequency of encounter )cos(kV χ−ω=  

 ψ directional spreading function 

 
Operators and Notation 

 ∧  the hat ∧  above a stochastic variable 
denotes the extreme value 

     the bar    over a complex-valued 
variable denotes the complex conjugate 

 Tx
r

 transpose of vector xv  

  denote the absolute value of a scalar or the 
determinant of a matrix 

 [ ] 1−  denotes the inverse of a matrix 

 H[u] the Heaviside step function;  
H[u<0] = 0 and H[u≥0] = 1 

}][],[{N ijii γµ multi-variate normal distribution with 
means ][ iiµ  and covariance ][ ijγ  

 p(x|y) conditional probability density for x 
given y 

 P(x|y) conditional cumulative probability density 
for x given y 

 RMS(u) the root-mean-square value of process u, 

RMS(u) = )0(
uum  

______________________________________________________________________________________________  
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GAUSSIAN AND RAYLEIGH STATISTICS 

Before we consider joint processes, it is useful to state 
briefly a few standard results regarding probability 
distributions and statistics for single variable Gaussian 
processes. 

If a continuous function y(t) is a realization of a 
zero-mean, second-order stationary Gaussian process, 
then the probability distribution, p(y), is normal with 
variance, 2

yyσ : 
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where the variance, 2

yyσ , is: 
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The first connection to the frequency domain is the 

following: 
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The connection between the frequency and probability 

domains is that 2
yy

)0(
yym σ= ; that is, the zero-order statis-

tical moment obtained by integrating the power spectrum 

is the variance of the Gaussian normal probability 

distribution. 

Other useful results are the following expressions for 
the mean zero-crossing period, T2, and the spectral 
breadth parameter, ε. 
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The continuous curve in Figure 1 belongs to a Gauss-

ian process, while the circled peaks and troughs each 
belong to an associated Rayleigh process.  The descriptive 
statistics of the continuous curve are Gaussian normal sta-
tistics governed by the probability distribution given in 
(1). 
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Fig  1   Example zero-mean second-order stationary 
Gaussian random process sampled at local maxima and 
minima 

As N→ ∞ let ++++ ξξξξ N321 ,,,, K  be the first, second, 
through Nth positive peaks of y(t) and −−−− ξξξξ N321 ,,,, K  
the set of negative peaks (troughs).  If the spectral breadth 
parameter ε = 0, then the probability distribution of these 
amplitudes (peaks or troughs) is given by the Rayleigh 
probability density distribution: 
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and the Rayleigh cumulative probability distribution: 
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−=ξ<  (7) 
 
Strictly speaking, if ε > 0 then the probability 

distribution is governed by a generalized Rayleigh 
distribution first computed by Cartwright and Longuet-
Higgins (1956) and also republished in a number of 
sources, including Kinsman (1984), Ochi (1973) and 
Price and Bishop (1974).  In the opposite limit, when 

1→ε , the response is described as broad banded and the 
distribution of peaks and troughs is governed by the 
Gaussian normal distribution.  For most ship and ocean 
engineering responses it is common practice to presume 
that the process is narrow banded (i.e., 0→ε ) and apply 
the Rayleigh distribution. 

From (7) it follows directly that the probability of y 
exceeding some threshold value, ξ, is: 

 
( ))0(
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2

2
1 mye)y(P −

=ξ>  (8) 
 
Of particular interest for structural dynamics 

applications are extreme values.  These may be deter-
mined using order statistics techniques.  If p(y) is the 
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probability density function and P(y) is the cumulative 
probability distribution, then the cumulative probability 
distribution for the maximum in N independent trials is 
[P(y)]N and the probability density function (found by 
differentiation) is N p(y) [P(y)]N-1. 

The most probable extreme value in N response 
cycles is: 

 
)Nln(2mŷ )0(

yyN =  (9) 
 
However, as reported by Ochi (1973), the probability 

of exceeding this most probable extreme value is high 
(i.e., the confidence is low), being 0.632 for Rayleigh 
processes (i.e., ε = 0).  In order to achieve higher 
confidence it is recommended that a probability of 
exceeding the extreme value, α, be selected.  The 
confidence in the extreme value is then (1-α).  If, for 
example, α  = 0.10, then the confidence is 90%.  The 
expected extreme value with a specified probability of 
exceedance is: 

 
)/Nln(2m)(ŷ )0(

yyN α=α  (10) 
 

If N=1000 and (1-α) = 90% confidence, then the 

expected extreme value is 4.29 )0(
yym  or 4.29 times the 

RMS value. 
Ochi (1973) provides means of evaluating many other 

useful extreme values, including extreme values for 
specified exposure durations and adjustments to extreme 
values for response spectral breadths. 

GAUSSIAN PROCESSES AND THE FOURIER-
STIELJES INTEGRAL 

Within the context of linear seakeeping theory, the 
wave environment and vessel responses to that environ-
ment are second-order stationary Gaussian random 
processes.  Fifty years ago St. Denis and Pierson (1953) 
introduced to our profession the following 
Fourier-Stieljes integral representation1 of the sea surface: 

 

∫ ∫
π+

π−

∞
χωε+ω−χ+χℜ=η

0

)},(t)]sin(y)cos(x[k{e)t,y,x( i  

χωχω× dd),(S2  (11) 
 

                                                           
1 This particular form of Stieljes integral, involving the square 
root of the differential, was first used by the mathematician Paul 
Lévy in his Processus Stochastique et Mouvement Brownien in 
1948.  It has been demonstrated that integrals of this form 
represent Gaussian processes. 

This integral is of course very unlike the more 
familiar Riemann integral (anti-derivative) and represents 
an ideal that in practice can only be approximated.  
Except in special cases, it is not possible explicitly to pass 
to the limit of the partial sums implied by this Stieljes 
integral, but it is possible to obtain a decent 
approximation on a high speed computer to produce our 
simulations. 

JOINT PROCESSES IN THE TIME AND PROBA-
BILITY DOMAINS 

Figure 2 shows realizations of two Gaussian processes 
in the time domain.  Sample points are selected in the 
upper process (process A) corresponding to local maxima 
and minima.  The points in the lower process (process B) 
are selected contemporaneously with the local maxima 
and minima of the upper process. 

While A and B may be any co-joint processes, in this 
section process A is the non-dimensional prying moment, 
Mx/RMS(Mx), of a SWATH research vessel, and process 
B is the non-dimensional vertical shear, Fz/RMS(Fz). 

Joint Time Series
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Fig 2   Joint processes in the time domain 

 
The sample set for process A will be Rayleigh distri-

buted in the probability domain.  Depending on the extent 
of correlation in the probability domain between the 
processes A and B, the distribution of the contempo-
raneous sample set of process B will range from Gaussian 
to Rayleigh.  For low magnitudes of correlation the 
sample of process B will be essentially random, resulting 
in a Gaussian distribution.  For high magnitudes of 
correlation the contemporaneous sampling of process B 
will be near the local maxima and minima of the lower 
process and hence will approach a Rayleigh distribution. 

Figure 3 shows sample conditional distributions of 
process B given that 2.0 < A <2.5.  Also shown is a nor-
mal distribution with the same mean and variance as the 
stratified sample.  Though the agreement is not perfect, 
the general character of the sample conditional distribu-
tion is Gaussian. 
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Sample p(B|2<A<2.5)
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Fig  3    Sample conditional probability of B given 
2.0 < A < 2.5 

The points shown in Figure 4 are the 6-hour sample 
set of the process shown in Figure 2.  The abscissa is the 
value of process A sampled at its local maxima and 
minima and the ordinate is the contemporaneous value of 
process B.  The density of the points constitutes a 
sampled relative frequency.  A marginal probability 
density distribution of process A is shown at the bottom 
of the figure, confirming the Rayleigh character of 
process A.  A marginal probability density distribution of 
process B is shown at the right in the figure and indicates 
the Gaussian normal character of process B. 

The contours show the joint probability density 
distribution wherein process A is Rayleigh distributed and 
the conditional distributions of process B are Gaussian 
normal.  The modes of the conditional distributions of 
process B are arrayed along an oblique axis whose slope 
corresponds to the phase cofactor (to be introduced in the 
next section) between processes A and B. 
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Fig 4   Example joint probability between process A 
where A is locally maximum of minimum and contempo-
raneous process B 

PHASE CO-FACTORS 

Let AF and AG be the complex valued frequency 
response operators for seakeeping response processes F 
and G respectively: 

 
AF(ω,β)= ),(f βωα ei ),(f χωβ  (12) 
 
AG(ω,β)= ),(g βωα ei ),(g χωβ  (13) 
 
After the style of St. Denis and Pierson, the Fourier-

Stieljes time-domain representations of seakeeping 
response processes F and G follow directly: 

 
{ } χωχωχωℜ= ω−χωε

π+

π−

∞

∫ ∫ dd),(S2e),(A)t(F t),(

0
F

ei  (14) 

and 

{ } χωχωχωℜ= ω−χωε
π+

π−

∞

∫ ∫ dd),(S2e),(A)t(G t),(

0
G

ei  (15) 

 
The condition for extreme values of F and G are 
(Hutchison and Bringloe, 1978): 

 
Positive Maxima 

0t),(),( ef =ω−χωε+χωβ  for all ω (16) 

0t),(),( eg =ω−χωε+χωβ  for all ω (17) 
 

Negative Maxima 
π=ω−χωε+χωβ t),(),( ef  for all ω (18) 

π=ω−χωε+χωβ t),(),( eg  for all ω (19) 
 
We shall restrict our attention to the case of positive 

maxima of F.  The argument for negative maxima pro-
ceeds in an identical fashion.  If we substitute the phase 
set associated with the positive maxima of F into G, we 
may obtain the ratio of the instantaneous realization of the 
G-process at the moment of occurrence of the extreme 
value of the F-process to the potential extreme value of G, 
as: 

 

∫

∫
∞

∞
χωβ−χωβ

χωχωχωα

χωχωχωαℜ
=

0
g

0

)],(),([
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dd),(S2),(

dd),(S2e),(
C

fgi

 (20) 
 

And by a similar argument: 
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∫
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These ratios were termed co-factors by Hutchison 

and Bringloe (1978) and participation factors by some 
subsequent authors (Szajnberg et al., 1980). 

These definitions ensure that these co-factors are 
constrained to lie between -1 and +1: 

-1.0 ≤ Cgf ≤ +1.0 
 

-1.0 ≤ Cfg ≤ +1.0 
 
If FMAX and GMAX are some consistent extreme values 

of the F- and G-processes respectively (e.g., the expected 
maximum in 2-hours exposure with 90% confidence), 
then a typical application of these co-factors would be to 
create load combinations such as (FMAX , Cgf GMAX) and 
(Cfg FMAX , GMAX). 

In general Cfg ≠ Cgf.  The co-factor concept applies 
to any number of degrees of freedom (co-joint processes).  
For example the co-factor matrix for six-degree-of-
freedom forces may be written as follows: 

 



























0.1CCCCC
C0.1CCCC
CC0.1CCC
CCC0.1CC
CCCC0.1C
CCCCC0.1

yzxzzzyzxz

zyxyzyyyxy

zxyxzxyxxx

zzyzxzyzxz

zyyyxyzyxy

zxyxxxzxyx

MMMMFMFMFM

MMMMFMFMFM

MMMMFMFMFM

MFMFMFFFFF

MFMFMFFFFF

MFMFMFFFFF

 

 

The proper statistical interpretation of these 
co-factors has not previously been identified.  One of the 
objectives of the present work is to gain insight into the 
true nature of the co-joint extreme values described by the 
co-factors.  The speculation has been that these co-factors 
described the modal (i.e., most probable) co-joint values 
to accompany the extreme values of the companion 
processes. 

Figures 4 and 5 seem to lend credence to that 
interpretation.  The abscissa in Figure 5 is the normalized 
value of the process that is sampled at the local maxima.  
In the example shown, this process is Mx and it is 
normalized by its root mean square value of 

)M(RMS/MM̂ xxx = .  The ordinate in Figure 5 is the 
ratio of the contemporaneously sampled co-joint process, 
Fz (normalized by its root mean square value) and the 

associated value of xM̂ ; i.e., )F(RMS/)M̂|F(F~ zxzz = .  

The ordinate, xz M̂/F~  is thus the slope of zF~  with respect 

to xM̂ .  In consideration of the sampling rules for Mx and 

Fz , the ratio xz M̂/F~  should converge towards a sample 
value of the co-factor, 

xzMFC as Mx increases, which is 
the behavior observed in Figure 5.  Also shown in 
Figure 5 is the co-factor value obtained from the 
frequency response operators using (20) or (21).  The 
sampled value of the co-factor is seen to quickly converge 
towards the predicted value and the dispersion of the 
sample data about the predicted value is seen to initially 
decrease very rapidly and thereafter more slowly. 

Time Domain Sampled Co-Factor
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Fig 5   Convergence of sampled zF~  to co-factor 

In any event, a  σ-process depending on F and G is 
unlikely to be maximum when either F or G is maximum 
(as will be illustrated later in Figure 14), but rather when 
both assume some intermediate value (though presumably 
with either or both of F and G near to a maximum).  This 
suggests that other perspectives may be needed to 
adequately address the statistics (including extreme 
values) of the  σ-process.  The next section addresses one 
such perspective that permits the direct evaluation of all 
 σ-processes that are linear functions of a finite set of 
basis processes. 

CROSS CO-SPECTRAL MOMENTS 

The method of cross co-spectral moments was set 
forth by Mansour (1981) and independently by Hutchison 
(1982).  This method addresses one of the shortcomings 
of the phase co-factor method in that it provides a means 
to directly define the statistics of the σ-process, provided 
that the σ-process is a linear combination of some set of 
co-joint basis processes. 

 

∑
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σ θω=θω
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The response spectrum for the σ-process when subject to 
an incident wave spectrum Sηη(ω,θ) is: 
 

),(S),(A),(A),(S θωθωθω=θω ηησσσσ  (23) 

 { } ),(S),(Ac),(Ac
N

i

N

j
jjii θωθωθω= ηη∑∑  

where the bar, , over a complex quantity denotes the 
complex conjugate. 

The spectral moments of the σ-process are: 
 

θωωθω= ∫ ∫
π+

π−

∞

σσσ dd),(Sm n

0

)n( { }∑∑=
N

i

N

j

)n(
ijijmc  (24) 

 
where:   cij = ci cj  and 

θωωθωθωθω= ηη

π+

π−

∞

∫ ∫ dd),(S),(A),(Am n
j

0
i

)n(
ij  (25) 

The )n(
ijm  are the cross spectral moments.  In general 

the cross spectral moments are complex-valued and the 
off-diagonal elements are complex conjugate pairs (i.e., 

)n(
ji

)n(
ij mm = ).  The diagonal elements of the cross spectral 

moments are wholly real.  The zero-order diagonal ele-
ments are the respective variances of the basis processes 
(i.e., 2

kk
)0(

kkm σ= ). 
As jiij cc =  the imaginary parts of the complex conju-

gate pairs in (24) cancel.  Thus, only the real parts of the 
cross spectral moments participate in the equation.  Those 
real parts of the cross spectral moments, { })n(

ijmℜ , are the 
cross co-spectral moments. 

With equations (6) through (10) the statistics of the 
σ-process can be determined in the conventional way 
from the spectral moments, )n(mσσ , with the zero-order 
moment, )0(mσσ , being the most important.  As previously 
described, the higher spectral moments may be used to 
determine mean zero-crossing periods and spectral 
breadth parameters. 

The cross co-spectral moment method permits direct 
evaluation of the statistics, including extreme values, of 
any linear combination σ-process, on equal basis with that 
accorded the underlying basis processes.  The short-
coming of the cross co-spectral moment method is its 
inability to address σ-processes that are not linear 
combinations of the basis processes.  The method of joint 
normal processes addressed in the next section provides 
an avenue for such evaluations. 

JOINT NORMAL PROCESSES 

The single variable Gaussian normal distribution of 
equation (1) may be extended to any number of variables.  

The following will describe the bivariate normal 
distribution. 

The cross co-spectral moments introduced in 
equation (25) play a central role in the analysis of bi- and 
multivariate normal probability distributions.  In two 
dimensions, x and y, the zero-order cross co-spectral 
moments are the covariance matrix, Γ: 
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yxxy γ=γ  

 
and the correlation coefficient, ρ, is: 

 

yyxx

xy

γγ

γ
=ρ  (27) 

 
It is useful and important to observe that the co-

variance matrix can also be estimated by sampling in the 
time-domain: 

 

∫
∞→

=γ
T

0T

xy dt)t(y)t(x
T
1

lim  (28) 

 
where zero-mean processes x(t) and y(t) are presumed. 

And the zero-mean bivariate normal probability 
density distribution is: 
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The zero-mean conditional probability distribution of 
x given y is: 
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and similarly the zero-mean conditional probability 
distribution of y given x is: 
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These conditional probabilities can be used to provide 

yet another answer to the question first addressed above 
under the heading of phase co-factors:  What is the value 
of y when x = δ ?   Care must be taken to distinguish this 
question from a similar question:  What is the value of y 
when x ≥ δ ? as one corresponds to a line integral in the 
x-y plane and the other corresponds to an integral over the 
area defined by x ≥ δ.  In general, the answers to the two 
questions will differ.  If ρ ≠ 0, then absolute values of y 
determined for x ≥ δ will be greater than those cor-
responding to x = δ. 
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Fig 6   Conditional probability density p(Fz|Mx) for three 
statistical levels of Mx with ρ = -0.589 and co-factor =  
-0.581 

 
Figure 6 shows the conditional probability density 

p(Fz|Mx) obtained using (30) or (31) for three different 
statistical levels of Mx (i.e., corresponding to Rayleigh 
probability levels for Mx of 1 in 100, 1 in 1,000, and 1 in 
10,000).  The vertical lines located near the modes show 
the values that would be predicted from either the 
correlation coefficient or the co-factor. 

Figure 7 compares various estimates of the cumulative 
conditional probability P(Fz|Mx) for Mx equal to or greater 
than the Rayleigh expected maximum for 100 Mx 
response cycles.  The discrete points are based on 
time-domain samples.  The solid continuous line repre-
sents the cumulative joint normal probability distribution 
corresponding to Mx equaling the Rayleigh expected 
maximum in 100 response cycles, and the dashed line 
corresponds to the case where Mx equals or exceeds that 
value.  The vertical lines indicate the values estimated 

from the correlation coefficient and co-factor, respec-
tively.  In the cumulative distribution these estimates from 
the correlation coefficients and co-factors would be 
regarded as good estimators if they fell near the median 
where P(Fz|Mx) = 0.5. 

Sampled Conditional Probability for Vertical Shear
for Mx Equal to or Exceeding the Expected Maximum in 100 Cycles
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Fig 7   Cumulative conditional probability P(Fz|Mx) for 
Mx ≥ Exp. Max for N=100 with ρ = -0.589 and 
co-factor = -0.581 

 
CONDITIONAL PROBABILITY OF LATERAL SHEAR FORCE
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Fig 8   Conditional probability density p(Fy|Mx) for three 
statistical levels of Mx with ρ = 0.994 and 
co-factor = 0.989 

 
Figures 8 and 9 correspond to Figures 6 and 7, 

excepting that Figures 8 and 9 are for the conditional 
distributions of Fy given Mx.  The vertical line 
representing the estimate based on the correlation 
coefficient is seen to be a better predictor of the modes 
shown in Figure 8.  The time domain sampled cumulative 
probability in Figure 9 clearly correlates best with the 
theoretical distribution corresponding to Mx equaling or 
exceeding the Rayleigh expected maximum in 100 
response cycles. 
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Sampled Condtional Probability of Lateral Shear
for Mx Equal to or Exceeding the Expected Maximum in 100 Cycles
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Fig 9   Cumulative conditional probability P(Fy|Mx) for 
Mx ≥ Exp. Max for N=100 with ρ = 0.994 and 
co-factor = 0.989 

 

MULTIVARIATE NORMAL PROCESSES 

For the sake of simplicity the multivariate normal 
process is typically expressed using vector and matrix 
notation.  The multivariate normal for zero-mean joint 
processes is: 
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For a more complete treatment of the multivariate 

normal distribution the reader should consult standard 
texts on probability theory and statistics such as Price and 
Bishop (1974) and Mood and Graybill (1963). 

Evaluation of Objective Functions 
Figure 10 shows a sample joint probability density 

distribution for non-dimensional squeezing and prying 
moment (Mx) and vertical shear (Fz).  In this example 
ρ = - 0.589. 

Observe the uni-modal character of the probability 
density surface depicted in Figure 10 and contrast this 
uni-modal behavior with that shown in Figure 4.  The 
difference is in the sampling.  The surface depicted in 
Figure 4 results from samples taken when |Mx| is locally 
maximum, whereas the distribution shown in Figure 10 
represents the same joint process subject to uniform 
sampling. 

A principal objective of this paper is to elucidate 
methods for evaluating arbitrary objective functions 
(σ-processes) subject to joint probability.  Arbitrary 
σ-processes can be represented in the bivariate joint pro-

bability plane by characteristic contours with constant 
σ values.  In Figure 11 σ-characteristics are shown for 

KK .,,and,,,and 3213210 −−− σσσσσσσ  where σ has the 
functional form ycxc 21 +=σ  (i.e., σ is a linear combina-
tion process).  In this example Z2X1 FcMc +=σ . 
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Fig 10   Joint Probability Density 
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Fig 11   Joint probability density with ycxc 21 +=σ  
 
The probability of exceeding a specified level of σ is 

given by the integral of the joint probability over the 
domain where σ ≥ ξ.  The shaded portions of Figure 11 
indicate the region that would be integrated to evaluate 

ξ≥σ  for the case where 22 −σ=σ=ξ .  The Gaussian 
normal cumulative probability distribution for σ can be 
developed by evaluating these integrals for different 
values of ξ. 

The case shown in Figure 11 corresponds to the cross 
co-spectral moment analysis previously described.  For 
linear combination functions (without a constant term) of 
zero-mean basis processes, σ will have a Gaussian normal 
distribution with variance, )0(mσσ , as may be determined 
using the method of cross co-spectral moments.  Gaussian 
normal statistics of the continuous σ-process and 



-10- 

Rayleigh statistics of the peak and trough process may be 
determined using )0(mσσ . 

As previously described, the cross co-spectral method 
can be applied for any number of basis processes included 
in the linear combination function for the σ-process.  
Similarly, the direct integration of joint probability can be 
extended to any number of degrees of freedom.  In two 
dimensions the characteristics of the σ-process are lines 
(as illustrated in Figure 11); in three dimensions the 
characteristics of the σ-process are planes; and in higher 
dimensions they are hyper-planes. 

The identified limitation of the cross co-spectral 
moment method is the restriction to linear combination 
processes (without constant terms).  Direct integration of 
the joint probability as illustrated in Figure 11 does not 
share that limitation and is therefore appropriate to quite 
arbitrary functions for the σ-process.  Figure 12 illustrates 
the characteristics of a σ-process with functional form 

2
23

2
1 ycxycxc +−=σ , which in general gives elliptic 

characteristics as illustrated in Figure 12.  For the special 
case where  21 cc =  and 0c3 =  the characteristics 
become circles. 
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Fig 12 Joint probability density with 

2
23

2
1 ycxycxc +−=σ  

Again the evaluation of the probability of σ exceeding 
ξ is illustrated by shading the exterior domain, but for 
cases such as this where the σ characteristics form closed 
contours around the origin it may be preferred to evaluate 
P(σ < ξ), as the required integral does not extend to 
infinity. 

Finally, Figure 13 is presented to illustrate yet another 
type of the σ characteristics.  The characteristics illus-
trated in Figure 13 might be hyperbolic, but the method of 
direct integration of joint probability is quite general as 
regards the functional forms that can be accepted. 
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Fig 13   Joint probability density with arbitrary σ 
characteristics 

 
And the method of direct integration of joint 

probability is not limited to two degrees of freedom – 
only our ability to create graphic representations is so 
limited.  The method of direct integration of joint 
probability can be extended to any finite degrees of 
freedom. 

APPLICATION OF THE HEAVISIDE FUNCTION 

While the method of characteristics provides a means 
of visualizing the relationship of objective functions to 
the joint normal probability distribution (at least for two-
degrees-of-freedoms cases) the Heaviside function pro-
vides a robust, practical and easy means of actually evalu-
ating the probabilities of exceeding objective functions of 
arbitrary complexity.  The basic approach is to include the 
Heaviside function as a factor in the integrand of the 
integral of joint normal probability.  The argument of the 
Heaviside function is constructed as the critical value of 
interest minus the objective function, σ.  Thus the proba-
bility that σ < ξ, where ξ is the critical value for σ, is: 

12NijiiN21 dxdxdx}][],[{N])x,,x,x([H)(P KKK∫ ∫ ∫
∞

∞−

∞

∞−

∞

∞−
γµσ−ξ=ξ<σ  

 (33) 
Here σ is an objective function of N correlated 

random processes:  N21 x,,x,x K . 
Consider as an example objective function the case 

where σ is the principal stress given by Mohr’s circle: 
 

2
2

yxyx

222,1
τ+







 σ−σ
±

σ+σ
=σ  (34) 

 

Figure 14 shows time-domain records of the co-joint 
basis processes, σx, σy and τ.  Below these basis 
processes the principal stresses σ1 and σ2 are shown on a 
common axis.  It is of interest to observe that the 
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maximum and minimum of the principal stresses do not 
correspond to the local maxima or minima of any of the 
three basis processes, thus illustrating the deficiency of 
the co-factor perspective for many practical problems.  
Likewise the cross co-spectral moment method could not 
be applied to the case of principal stresses due to the 
nonlinear nature of (34). 
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Fig 14   Principal stresses in the time domain 

 
Here the objective function has three degrees of 

freedom:  xσ , yσ  and τ .  Presuming that these are all 
three zero-mean processes with correlation coefficients 
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where all of the covariances have been normalized by 2ξ , 
the square of the critical value for σ.  Hence, evaluating 
equation (33) and the objective function set forth by (34), 
P(σ < 1) = 0.99999773 and the probability that the 
principal stress exceeds the critical value is 
(1 - 0.99999773) = 2.27⋅10-6.  

As this probability is evaluated from the multivariate 
normal distribution it represents a probability applied to a 
continuous process, not the discretely sampled process 
associated with local maxima and minima.  If T is the 
exposure time to the sea conditions and operating 
parameters leading to the given covariance matrix, then 
the time that the principal stress exceeds the critical value 
for this example is 2.27⋅10-6 T.  For the expected duration 
of exceedance to equal one second the exposure would 
have to be 2.27⋅106 seconds or 631 hours. 

EQUIVALENT IRREGULAR WAVE 

The dynamic loading approach (DLA) in ship design 
practice uses explicitly determined loads derived from a 
rational methodology as the basis for structural analysis.  
An excellent description of the DLA philosophy and 
recommended procedures can be found in Liu et al. 
(1992).  The emphasis is on a “first principles” approach 
to establishing realistic load definitions.  An important 
component of the DLA established by the American 
Bureau of Shipping (ABS) is the concept of an equivalent 
regular wave, whereby one transforms from frequency 
and probability domain analysis to an instantaneous 
realization in the time domain suitable for global finite 
element structural analysis.  In this paper an alternative 
approach to the equivalent regular wave is presented.  
That alternative, called the equivalent irregular wave, is 
based on a finite Fourier sum approximating the classical 
Fourier-Stieljes integral representation of a zero mean, 
second-order stationary, Gaussian random process. 

Dynamic Loading Approach 

General Philosophy 
The ABS DLA provides a practical way to apply 

analysis methods to design development.  It uses 
explicitly determined loads derived from a rational 
methodology, along with finite element methods, to 
assess the global and local ship structure response. 

The main steps in the ABS DLA are as follows.  First, 
identify a set of dominant load parameters (DLPs).  The 
DLP is defined as any response process (e.g., vertical 
bending moment, vertical acceleration, lateral accelera-
tion, roll, etc.), which, when maximized, establishes a 
critical loading for hull structural analysis.  Based on the 
long-term extreme value of the DLP, define an equivalent 
regular wave.  The set of instantaneous load components 
to be applied to the structural model is determined from 
this equivalent regular wave.  The load components are to 
include both static and dynamic forces.  The dynamic 
forces should include external wave pressures, internal 
tank pressures and inertial effects due to local 
accelerations on the structural components. 
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These loads are input to a finite element model.  
Global analysis of the hull girder and finer mesh analysis 
of local structures are both required.  Finally, the com-
puted stresses are compared with certain acceptance 
criteria of allowable stress and panel stability for 
buckling.  A spectral fatigue analysis is also required for 
fatigue life prediction and evaluation. 

Equivalent Regular Wave 
Under the ABS DLA, an equivalent wave is to be 

defined for each DLP.  The equivalent wave is charac-
terized by an amplitude, frequency, heading and wave 
crest position relative to the ship.  The procedure to deter-
mine these is as follows.  The frequency response 
function (FRF) corresponding to the DLP is first 
computed for a range of frequencies and headings.  The 
FRF of a DLP is the complex amplitude of the DLP due 
to a unit amplitude wave of given frequency and heading.  
The frequency and heading combination that maximizes 
the FRF is then identified.  This defines the frequency and 
heading of the equivalent wave.  For this equivalent 
wave, the crest position is determined as that which 
produces the peak value of the DLP. 

To get the amplitude of this equivalent wave, the 
long-term extreme of the DLP is also required.  This is 
calculated using the short-term statistics of the DLP and 
wave statistics consisting of H-family wave data or scatter 
diagram (Stiansen and Chen, 1982).  Alternatively, long-
term extreme prediction methods such as Ochi’s method 
(Ochi, 1978) may also be used.  The amplitude of the 
equivalent wave is then obtained by dividing the long-
term extreme by the absolute value of the FRF. 

Thus, the equivalent wave definition leads one to a 
simple sinusoidal wave and a suitable instant of time for 
extracting a set of concurrent load components to be 
applied to the structural model.  It acts as the vehicle to 
recast the results of probabilistic analysis to a 
deterministic format more suitable for finite-element 
analysis.  However, it does not correspond to any real or 
extreme condition at sea.  In the classical representation 
of the seaway as the superposition of a number of 
different waves of different frequencies, the equivalent 
regular wave fails to provide a mechanism for inclusion 
of the various harmonic components.  In view of this 
apparent limitation, an equivalent irregular wave is 
developed, as discussed in the next section. 

Equivalent Irregular Wave 
The ABS equivalent wave described in the previous 

section is designed to accomplish, in a simple manner, a 
transfer from the frequency and probability domains to 
the time domain.  In this paper a different approach is 
presented to accomplish the same transformation.  The 
vehicle used is the Fourier-Stieljes integral, which is 
consistent with the classical representation of the seaway 

as the superposition of a number of waves of different 
frequencies (St. Denis and Pierson, 1953). 

Using the Fourier-Stieljes integral, the time-domain 
realization of a response process can be expressed in 
terms of the FRFs of that process and the spectral 
representation of the seaway: 

{ } ωωωε+χωβ+ωχω=χ η

∞

∫ d)(S2)()|(tcos)|(F)|t(f
0

 

 (35) 

where f denotes a realization of the response process 
corresponding to wave heading χ; F is the frequency 
response function (FRF); Sη is the wave spectrum; β is 
the phase angle of the FRF obtained as the inverse tangent 
of the ratio of the imaginary part to the real part.  Also, ω 
is angular frequency and t denotes time.  ε is a random 
phase angle from a uniform distribution between 0 and 
2π, to be associated with each angular frequency.  The 
notation f(t|χ) is used here to indicate that f is a function 
of t and parametrically dependent on χ.  Likewise F(ω|χ) 
is a function of ω and parametrically dependent on χ. 

In practical applications, the integral is approximated 
by a finite sum (36): 

{ })()|(tcos)|(F)|t(f kkk
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=

kk )(S2 δωω× η  (36) 

The Stieljes integral in (35) may be regarded as the 
limit of the partial sums of fK(t|χ) as K→∞ and δω k→0.  
The extension of (35) and (36) to short-crested seas is 
straightforward. 

By using the FRFs of each DLP, a time series of each 
DLP in a specific sea state can be determined.  This is 
done by first selecting a random phase set ε(ω k), k=1, 
2, … K and then evaluating (36) for a series of time steps.  
Since (36) is a finite series approximation to the Fourier-
Stieljes integral, it will repeat itself after a finite time.  
However by choosing a large enough set of frequencies at 
fine intervals, a sufficiently long record can be obtained 
before the signal repeats itself.  Utilization of a small 
frequency interval and large K also provides for a better 
definition of extreme events.  If some target value of the 
DLP is to be sought, the simulated record can be searched 
for the occurrence of that target.  If the target is attained, 
say at time t = t0, then the concurrent value of any load 
component is readily obtained by evaluating (36), with 
the FRFs of the load component and the previously deter-
mined random phase set, for t = t0.  The concurrent vessel 
motion displacements, panel pressures, local accelera-
tions, etc. can all be estimated in this manner provided the 
corresponding FRFs are known from frequency domain 
calculations. 
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The procedure just described yields contemporaneous 
load components corresponding to one instant at which 
the DLP reaches a target.  For the DLA, the target is to be 
set as the short-term extreme of the DLP in the sea state 
considered, unless it is the most severe sea anticipated in 
the lifetime of the vessel, in which case this short-term 
extreme is also likely to agree with the long-term extreme.  
Thus, in effect, it is possible to derive a set of contem-
poraneous load components corresponding to the long-
term extreme value of a DLP. 

Several points should be noted regarding the 
derivation of the time series and the realization of the 
target.  The more extreme the target, the finer the frequen-
cy intervals should be, and the longer the simulation must 
be run, on average, to attain it.  Even then, the signal will 
simply repeat itself after some finite time.  If this occurs 
before the target is achieved, a new random phase set will 
have to be selected and a new search begun.  This process 
is known as ensembling. 

The time at which a target is realized is not unique.  
For a phase vector ε(ω) in (35), there are an infinite 
number of times, t = t0, t1, t2, … at which the target will 
be equaled or exceeded.  Because of the tendency for the 
finite Fourier series of (36) to repeat itself, for a given 
phase set ε(ω k), there will also be an infinite number of 
times at which the DLP target is reached.  The procedure 
just described will result in the discovery of one such 
solution, t0. 

It must also be noted that the load set (comprising the 
pressure distribution over the wetted surface and the 
concurrent rigid body accelerations, which satisfies the 
requirement that the DLP equal the target) is likewise not 
unique.  Given different random phase sets ε1(ω k), 
ε2(ω k), ε3(ω k), … and times t = t0, t1, t2 … at which 
evaluation of (36) results in the target DLP being equaled, 
the load sets will not be identical.  However, as the target 
becomes more extreme, there is less variation in the 
contemporaneous values of the co-joint processes.  This 
property can be understood by considering the following 
example. 

Consider a process described by (36) with finite K.  
The greatest possible value that (36) can assume occurs 
when all of the cosine terms are in phase, which implies 
one of two cases for the arguments of the cosine: 

 
)even(,4,2,0nn)()(t kkk L=π=ωε+ωβ+ω  (37) 

 
and 

 
)odd(,5,3,1nn)()(t kkk L=π=ωε+ωβ+ω  (38) 

 

Considering only the positive extreme values 
corresponding to (37), this implies that the random phase 
set ε*(ω k) corresponding to the maximum (positive) 
extreme value that (36) can assume is given by: 

ε* )(tn2)( kkk ωβ−ω−π=ω  (39) 

The maximum possible value that can be assumed by 
(36) with a given finite value of K (and associated 
specified frequency mesh) is given by: 

∑
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As the target value sought and attained approaches 

∗
Kf , the set ε(ω k) must approach ε*(ω k).  The tendency 

for ε(ω k) to approach ε*(ω k) will also manifest itself in a 
tendency towards correlation between components of the 
contemporaneous co-joint processes.  Thus as the target 
value attained approaches ∗

Kf , correlation between, say, 
the pressures at two points, will increase; i.e., ρ12 → 1 
where ρ12 is the correlation coefficient between the 
pressures at points 1 and 2, obtained through repeated 
realizations with phase sets ε1(ω k), ε2(ω k), ε3(ω k), … . 

The equivalent irregular wave presented here has 
some advantages over the equivalent regular wave in the 
ABS procedure, albeit at the expense of some simplicity.  
This equivalent irregular wave is consistent with 
established theory regarding the nature of the seaway and 
represents the full frequency content.  This full frequency 
content, particularly the higher frequency components, is 
needed to accurately represent secondary and tertiary 
structural loading processes, especially near the waterline.  
It should be noted that damage to secondary and tertiary 
structure near the waterline is of concern for many vessel 
types.  Also in cases where nonlinear effects are expected, 
it is possible to identify critical time-space sequences of 
this irregular wave profile for processing by nonlinear 
time domain programs, thus focusing those 
computationally intense programs on the most important 
cases. 

CONCLUSION 

Perspectives appropriate to the analysis of joint 
zero-mean, second-order-stationary Gaussian processes 
have been explored.  The co-factor (aka participation 
factor) is shown to correspond to the most probable value 
of process B when process A is maximum.  The 
dispersion about this mode is shown to decrease as A 
becomes more extreme.  However, in general the 
co-factor does not provide a means of estimating the 
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probability distribution or statistics of a critical process 
that depends on both A and B. 

The cross co-spectral moment method is shown to 
provide a means of estimating the probability distribution, 
including short-term extreme value statistics, of critical 
response processes that are linear functions of any 
number of co-joint basis processes.  However, this 
method is unable to address any critical response process 
that is a nonlinear function of the co-joint basis processes. 

Joint normal methods are shown to overcome all of 
the preceding limitations.  Techniques are given for 
visualizing arbitrary critical response criteria in the joint 
normal domain.  A simple method of evaluating the 
probability of exceeding any specified critical value of an 
arbitrary criterion is presented.  The method is robust with 
respect to the functional form of the critical process and it 
can be applied to any number of co-joint basis processes. 

Finally, an extension of the equivalent regular wave 
approach to the dynamic loading approach is presented.  
The extension is to an equivalent irregular wave that is 
more consistent with underlying theory and avoids pitfalls 
(such as unrealistic regular wave heights) that potentially 
may be encountered when using the equivalent regular 
wave approach.  By retaining all of the frequency and 
wavelength characteristics of the irregular wave spectrum, 
the equivalent irregular wave approach offers the prospect 
of better representing secondary and tertiary loading 
distributions, especially near the waterline.  The price 
paid for these advantages is that the equivalent irregular 
wave approach to dynamic loads is more computationally 
intense and the uniqueness associated with the equivalent 
regular wave is lost. 
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APPENDIX 

Example Application of Equivalent Irregular Wave 
DLA to a SWATH Vessel 

In this section, the application of the equivalent 
irregular wave DLA methodology is illustrated through an 
example.  The vessel studied is the SWATH research 
vessel R/V Western Flyer (length 117 feet, hull spacing 
41.5 feet centerline to centerline, displacement 420 long 
tons, draft 12 feet), owned and operated by the Monterey 
Bay Aquarium Research Institute (MBARI).  A complete 
dynamic loads analysis, including a global finite element 
structural analysis and spectral fatigue analysis, has been 
performed (VanSlyke et al., 2001; Etchemendy et al., 
1999).  This paper addresses only the dynamic loads 
definition for the finite element program. 

For this case, the identification of the DLPs, the 
computation of the FRFs, short and long-term extremes, 
equivalent regular and irregular waves, and resulting 
panel pressures are all addressed in the following 
subsections. 

Dynamic Load Parameters 
The DLP is defined as any response process which, 

when maximized, establishes a critical loading for hull 
structural analysis.  For monohulls, vertical bending 
moment, local acceleration, roll motion, etc. are typically 
selected as DLPs.  For SWATH vessels, the ABS guide 
(1996) defines the critical load cases that typically need to 
be considered.  These, shown schematically in Figure 15, 
all stem from the differential loading on the two hulls.  
Among them, the transverse side force and the prying 
moment in beam seas are often important ones (Kennell, 
1992).  The present study confirms that the transverse 
side force and the prying moment in beam seas are the 
critical load parameters.  The determination of the 
frequency response functions for these load types is 
described in the next section. 

Frequency Response Functions 
The FRF of a process is defined as the complex 

amplitude of that process due to a unit amplitude wave of 
given frequency and heading.  Complex algebra is 
adopted with the understanding that the temporal 
variation of a quantity is eventually to be obtained by 
multiplying the complex amplitude by the time factor 
exp(iωt) and then taking the real part.  The FRFs must be 
determined using a 3D radiation-diffraction program.  
Many panel programs capable of performing such 
computations are commercially available.  In the present 
case, a zero forward speed linear radiation-diffraction 
program called WAMIT (Wave Analysis MIT) is used.   

In general, speed will also have to be taken as a 
parameter.  However, experience with existing SWATH 
structural loads indicates that zero speed can be 
considered the worst case.  At any rate, speed has little 
effect on the critical squeezing and prying loads on 
SWATH hulls in beam seas.  Moreover, the primary 
mission of the present vessel is station keeping as mother 
ship for a remotely operated vehicle (ROV).  Based on the 
above, only zero speed is considered in this example. 

WAMIT typically provides forces and motions in the 
six rigid body modes of surge, sway, heave, roll, pitch 
and yaw.  Of prime interest in the present case, however, 
are the forces in the differential modes described in 
Figure 15.  To facilitate such computations, WAMIT 
optionally provides panel pressures that may then be 
integrated over the appropriate sets of panels to get the 
differential loads.  However, integration of panel 
pressures externally requires the handling of large data 
files and is cumbersome.  An efficient alternative is to 
define six additional generalized modes in which the port 
hull and the starboard hull move in opposite directions.  A 
summary of the procedure follows. 

Right-handed Cartesian coordinates are defined as 
shown in Figure 16 with the origin located midship, 
halfway between the hulls at the still water level.  The 
x-axis points forward, the y-axis points to port and the 
z-axis is directed vertically up.  The six rigid-body modes 
are denoted by the indices, j = 1, 2, …, 6 as usual.  The 
notation is further extended to cover six additional 
generalized modes, j = 7, 8, …, 12.  Each mode may be 
defined by a vector shape function Sj(x) with Cartesian 
components (uj, vj, wj).  The shape function Sj(x) gives 
the excursion of a point x on the wetted surface when the 
body is displaced by one unit in the jth mode.  Thus, for 
rigid-body translations (j = 1, 2, 3), the shape function Sj 
is a unit vector in the corresponding direction.  For rigid-
body rotations (j = 4, 5, 6), Sj(x) = (Sj-3) × (x) where × 
denotes vector cross product.  As for the generalized 
modes, they are set up to yield forces directly in the 
critical modes.  Their shape functions should be pre-
scribed as: 
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Sj =
S

S

j-6

j-6-









port hull

starboard hull

j = 7, 8, …, 12 (41) 

In WAMIT, the geometric symmetry of the SWATH 
can be exploited by specifying y =  0 as a plane of 
symmetry and then discretizing only the port hull.  Each 
generalized mode is defined by prescribing the shape 
function on the port hull and indicating it to be either 
symmetrical or anti-symmetrical about the y = 0 plane.  

  
 Longitudinal Shear Force Side Force 

  
 Vertical Shear Force Prying Moment 

 

 

 
 Pitch Torsional Moment Yaw Splitting Moment 
Fig 15   Critical load cases for SWATH vessel (based on 
ABS, 1996) 

yz

Sta rboard hu ll Por t  hu ll
 

Fig 16   Coordinate system 

The exciting forces, added masses and damping 
coefficients for all modes can be computed in the usual 
manner.  The total fluid force in each generalized mode, 
when the vessel is subject to unit amplitude incident 

waves of given frequency and heading, is determined as 
follows: 

)(f)(F jj χω=χω  

)(]C)(B)(M[ k

6

1k
jkjkjk

2 χωξ−ωω−ωω+∑
=

i  

j = 7, 8, . . . , 12 (42) 

Here, Fj is the complex amplitude of the fluid force in 
the jth mode; fj is the complex amplitude of wave excita-
tion force; Mjk is the coupling added mass between the jth 
and kth modes; Bjk is the coupling damping coefficient; 
and Cjk is the coupling hydrostatic coefficient.  ξk is the 
complex amplitude of motion in the kth mode and has to 
be obtained by solving the six coupled equations of 
motion for the conventional modes.  The complex time 
factor exp(iωt) has been factored out of (42). 

In a typical application of (42), WAMIT is first run 
for all the twelve degrees of freedom to get the exciting 
forces fj and the cross terms Mjk and Bjk for j = 7, 8, … 12 
and k = 1, 2, …6.  Subsequently, the generalized modes 
are removed and WAMIT is re-run with the six 
conventional modes to get the motion amplitudes ξj.  
Since integration of panel pressures is not required, 
results can be efficiently obtained for several wave 
headings by exploiting the Haskind relations and without 
having to solve the diffraction problem for every heading.  
The generalized forces from (42), which are functions of 
frequency and wave heading, constitute the FRFs 
corresponding to the DLPs of the SWATH.  The FRFs are 
used for estimating the extremes as well as for defining 
the equivalent wave. 

In a strict sense, to determine the DLPs in Figure 15, 
the generalized forces need to be transferred to a new 
coordinate system with the origin located at the level of 
the cross structure instead of the still water level.  They 
also need to be adjusted to include the structural inertia by 
adding the appropriate structural contribution to the 
coupling added mass in (42).  However, in the present 
study the generalized forces are directly taken as the 
DLPs without modification. 

The prying and yaw splitting FRFs computed for 
90 degree and 120 degree wave headings are shown in 
Figure 17.  Here, the port hull is discretized using 648 
panels, and a set of 64 frequencies are used.  Near the 
resonant frequencies, calculations are carried out at fine 
frequency intervals to accurately capture the narrow 
resonant peaks.  In actuality, the practical significance of 
such sharp response peaks may be limited due to their 
very narrow bandwidth and also due to non-linearities and 
viscous damping that are not accounted for in the present 
calculations. 
Short-Term Extremes 

The frequency response functions described in the 
preceding section can be used to estimate the short-term 
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extremes of the DLPs which are conditional on specific 
values of significant wave height, modal period and wave 
heading.  The short-term probabilities in all possible sea 
conditions can then be combined with the operating 
profile of the vessel to predict long-term extremes. 
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(a) Prying moment for 90 degrees wave heading 
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(b) Yaw splitting moment for 120 degrees wave heading 

 
Fig 17   Frequency response functions for loads 
 

The short-term statistics of a loading process are 
determined by assuming a zero-mean Gaussian process 
and a Rayleigh distribution for the corresponding 
amplitudes.  The nth spectral moment of the process F is: 

ωωχωω=χ η

∞

∫ d)T,H(S)(F),T,H(m PS
0

n
PSn

2

 (43) 

where Sη gives the wave spectral density as a function of 
ω and is parametrically dependent on HS and Tp.  If short-
crested seas are to be considered, (43) will have to be re-
written using an appropriate spreading function as 
follows: 

∫ ∫
π

π−

∞

η ϕωωϕ+χωωϕΨ=χ
0

PS
2n

PSn dd)T,H(S)|(F)(),T,H(m

 (44) 

where the spreading function satisfies the condition: 

ψ ϕ ϕ
π

π
( )d =∫

−
1 (45) 

In the present analysis a cosine-squared spreading 
function is used for short-crested seas.  The RMS and the 

zero crossing period T2 of the loading process are then 
readily obtained (see, for example, Ochi, 1973). 

),T,H(m),T,H(F PS0PSRMS χ=χ  (46) 

),T,H(m
),T,H(m

2),T,H(T
PS2

PS0
PS2 χ

χ
π=χ  (47) 

The expected maximum in N load cycles which will 
be exceeded with only a small probability α is: 

),T,H(m)/Nln(2)F( PS0max χα=α  (48) 

Long-term Extreme 
The long-term extreme is defined as that value which 

is expected to be exceeded only once in the lifetime of the 
vessel.  The expected service life of the vessel, the frac-
tion of total annual hours actually spent at sea, wave 
climatology and seamanship of the vessel’s master all 
influence the long-term extreme. 
Climatology 

The wave climatology is first determined as the joint 
probability of significant wave height and peak spectral 
period for the vessel operating area, i.e., P(HS,Tp) where 
HS is the significant wave height and Tp is the peak 
spectral period.  The available data are usually given for 
discrete ranges of HS and Tp in matrix form.  Separate an-
nual and seasonal distributions are typically available.  
Figure 18 gives the climatology used in this study, which 
applies to Monterey Bay and the immediate offshore area.  
The data are based on measurements from the NOAA 
data buoy 46042 (NOAA, 1976).  The method to 
determine P(HS,Tp) when the vessel operates in different 
areas during different seasons is straightforward 
(Hutchison, 1981). 
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Fig 18   Wave climatology for Monterey Bay and 
immediate offshore area 
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Conditional Probability of Heading 
The conditional probability of heading, given HS and 

Tp, is an operationally defined distribution that embodies 
estimates of the seamanship judgment of the vessel’s 
master, and any standing operating orders (e.g., opera-
tional restrictions) that may have been determined for the 
vessel.  Thus the conditional probability P(χ  HS,Tp) is 
not a system property like P(HS,Tp), but an operational 
characteristic subject to variability due to human factors.  
Different operators will respond differently to the same 
stimulus (HS,Tp), and the same operator will respond 
differently to the same stimulus (HS,Tp), depending on the 
mission context.  Here response refers to the choice of 
relative heading, χ. 

In the present case, the vessel is to be capable of 
unrestricted operations up through Sea State 5 (i.e., 
HS = 8-13 feet).  Accordingly, P(χ  HS,Tp) is given a 
uniform distribution (all headings equally likely) for 
HS less than 13 feet, except in some cases of extremely 
steep seas.  For HS greater than 13 feet, P(χ  HS,Tp) is 
distributed such that the shorter the peak period, the 
greater the avoidance of beam seas.  The exclusion of 
beam seas in the calculations for certain sea states is 
justified by the issuance of sailing instructions and the 
availability of a real time instrumentation system to 
advise the master during actual operations.  This 
precaution is in accordance with general experience with 
SWATHs, that they are most distressed by the squeezing 
and prying loads that are greatest in beam seas.  Figure 19 
shows the conditional probability distribution of heading 
used for an example case of 14.4 feet significant wave 
height. 

SWATH Seamanship:  Conditional Probability of Relative Heading
Given Hs = 14.44 feet
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Fig 19   Seamanship represented as conditional proba-
bility distributions for relative heading for HS = 14.4 feet 

 
As previously observed, in general, speed should also 

be a considered parameter, in which case the joint 
probability of speed and heading should be considered.  
However, speed has little effect on the critical squeezing 
and prying loads in beam seas.  Moreover, the primary 

mission of the present vessel is station keeping as mother 
ship for a remotely operated vehicle (ROV).  Based on the 
above, only zero speed is considered here. 
Load Cycles 

The total lifetime exposure is readily calculated if the 
service life and the fraction of time actually spent at sea 
are known. 

TL = 31,536,000 L γ (49) 

where TL is the total duration of exposure in seconds, L is 
the service life in years and γ is the fraction of time 
actually spent at sea.  The duration of exposure to a 
particular combination of HS, Tp and χ is then: 

T(HS, Tp, χ) = P(HS, Tp) P(χHS, Tp) TL (50) 

The number of cycles of a loading process in this 
duration is determined from the zero-crossing period 
computed for the process: 
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=χ  (51) 

Long-Term Extreme 
The number of loading cycles exceeding a specified 

load amplitude FL can then be determined: 
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 (52) 
where the assumption of a Rayleigh distribution for load 
amplitudes is invoked.  The long-term extreme is defined 
as that value which is expected to be exceeded only once 
in the lifetime of the vessel.  It can be obtained from (52) 
as that value of FL for which NF is 1. 

 
Fig 20   Short-term and long-term extreme prying 

moment 
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Figure 20 also shows the long-term extreme prying 
moment for the SWATH vessel plotted as a function of 
the service life along with the corresponding short-term 
extreme value for beam seas.  The long-term extremes are 
shown for both short- and long-crested seas, and with and 
without some provision for seamanship.  The vessel is 
assumed to spend 200 days annually in Monterey Bay.  
The short-term extreme shown is for high Sea State 5 and 
long-crested seas, and is defined as the maximum in 1,000 
cycles which has only a 10% probability of being 
exceeded (i.e., 90% confidence). 

Figure 20 shows that the long-term extreme with long-
crested seas and seamanship approaches the short-term 
extreme as the service life increases.  For a service life of 
20 years or more, they agree quite closely.  In fact, 
seamanship considerations in long-term predictions 
effectively exclude beam seas for sea states higher than 5.  
Hence Sea State 5 is practically the worst case condition 
encountered in the long-term estimate.  This is in line 
with Ochi’s remarks (1978).  Ochi points out that the 
magnitude of response does not reach a level critical for 
operation or structural safety irrespective of how long a 
marine system operates in mild seas, while the magnitude 
reaches a critical level within a few hours in severe seas.  
From this, Ochi concludes that the extreme value from the 
long-term response prediction method agrees quite well 
with the short-term extreme in the worst case condition. 

This means that the load components in the DLA that 
are to be determined from the long-term extreme value of 
a DLP can, in fact, be more readily determined from the 
short-term extreme in the worst case condition. 

As an aside, the above procedure can be readily 
extended to yield the number of cycles corresponding to 
different load ranges typically required in fatigue analysis 
(Sikora et al., 1973).  Figure 21 shows a plot of the cumu-
lative cycles of the prying moment by load ranges ob-
tained from repeated application of (52) with different 
values of FL. 
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Fig 21   Cumulative cycles of the prying moment by load 
ranges 

Equivalent Wave Definitions 
The development of the equivalent regular and 

irregular waves is illustrated here for two DLPs of the 
SWATH vessel (prying and yaw splitting moments).  In 
the previous section, it is seen that the long-term extreme 
of a DLP agrees with the short-term extreme in the worst 
case sea state.  The objective here then is to identify the 
worst case sea state, evaluate short-term DLP extreme, 
and use it as the basis for deriving the equivalent wave. 

The short-term extremes of the DLPs in long-crested 
Sea State 5 are first evaluated for a range of peak periods 
and for wave headings ranging from 0 degrees (following 
seas) to 180 degrees (head seas).  From these, the worst 
case sea state is identified.  In every case, the smallest 
peak period proved to be the worst.  The smallest peak 
period used is the limiting peak period for seas of extreme 
steepness given by Buckley (1988).  The worst heading is 
90 degrees (beam seas) for the prying DLP and 
120 degrees for the yaw splitting DLP.  The short-term 
extremes in these worst case conditions are then used to 
derive the equivalent waves. 

Equivalent Regular Wave 
The ABS equivalent regular waves for the prying and 

yaw splitting DLPs are defined based on the short-term 
extremes and the FRFs shown in Figure 17.  The 
parameters determined for the equivalent waves are given 
in Table 1. 

 

Table 1   ABS equivalent regular wave parameters 

DLP Heading Period Height Phase 

Prying 90° 5.45 s 15.2 ft. 68.7° 

Yaw Splitting 120° 4.62 s 10.0 ft. 159.7° 
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Equivalent Irregular Wave 
The equivalent irregular waves for the prying and yaw 

splitting DLPs are developed using the procedure outlined 
above.  The target value of the DLP is set as the short-
term extreme.  Equation (36) is then evaluated for a series 
of time steps until the target is reached or nearly reached.  
It is found that at least 128 discrete frequencies are 
required in the present case, i.e. K=128 in (36).  The 
FRFs are first computed for 64 frequencies and then 
evaluated for intermediate frequencies by interpolation of 
their real and imaginary parts.  Even then, ensembling 
over several realizations is necessary. 

Figure 22 shows the time series of incident wave 
elevation and prying moment under the equivalent 
irregular wave. 
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Fig 22   Time series under equivalent irregular wave 
 

Comparison of Pressure Profiles 
The instantaneous load components to be applied to 

the structural model are to be determined from the 
equivalent wave definition.  The load components are to 
include both static and dynamic forces.  The dynamic 

forces should include external wave pressures, internal 
tank pressures and inertial effects on the structural 
components due to local accelerations.  In case of the 
equivalent regular wave, each load component can be 
determined by multiplying the FRF of the load component 
at the equivalent wave frequency by the equivalent wave 
amplitude and adjusting for phase.  In case of the 
equivalent irregular wave, each load component is to be 
determined as outlined above. 

The hydrodynamic pressure on the wetted surface 
computed by both methods is compared in Figures 23 and 
24.  Figure 23 shows longitudinal and transverse profiles 
of panel pressure for extreme prying.  Figure 24 shows 
pressure profiles for extreme yaw splitting.  The longi-
tudinal profile runs along the centerline of each hull.  The 
transverse profile is for a section close to midship. 
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(a) Transverse profile 
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(b) Longitudinal profile 

Fig 23   Panel pressures corresponding to extreme prying 

The pressure profiles computed by both methods 
exhibit similar trends; however, differences exist in the 
absolute values, especially near the waterline. 



-21- 

Nonlinear Effects 
The present work employs linear analysis methods 

that assume small amplitude waves and motions.  They 
represent mature technology that provides reasonable 
estimates in moderate seas.  In a more rigorous analysis, 
hydrostatic and hydrodynamic nonlinearities (Froude-
Krylov and hydrostatic term) due to haunch immersion, 
nonlinear radiation and diffraction (Stiansen and Chen, 
1982), wet deck slamming, strut slamming, etc. are to be 
given due consideration.  In fact, in recent model tests of 
this SWATH vessel, significant nonlinearities have been 
detected in the motions.  Fully- or semi-nonlinear time 
domain analysis (Lin et al., 1999; Huang & Sclavounos, 
1998; Pawlowski & Bass, 1991) may be required to 
capture these effects.  In such cases, it is possible to 
identify critical time-space sequences of the equivalent 
irregular wave profile for processing by state-of-the-art 
nonlinear time domain programs. 
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(a) Transverse profile 
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(b) Longitudinal profile 

Fig 24   Panel pressures corresponding to extreme yaw 
splitting 


